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Formal eXplainable AI



eXplainable AI
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Why? Status quo...

A parrot Machine learning
algorithm

Learns random
phrases

Doesn’t understand
s**t about what it
learns

Occasionally
speaks nonsense
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Formal abductive explanations

classifier τ : F → K, instance v s.t. τ(v) = c

abductive explanationX

∀(x ∈ F).
∧∧∧

j∈X(xj = vj)→(τ(x) = c)

“why prediction c?”

because of features of X!
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Abductive explanations for tree ensembles
T1 (setosa)

petal.length < 2.45?

0.42762 -0.21853

yes no

T2 (versicolor)

sepal.width < 2.95?

petal.width < 1.7? petal.length < 3?

0.36131 -0.18947 -0.21356 -0.03830

yes no

yes no yes no

T3 (virginica)

petal.length < 4.75?

petal.width < 1.7?-0.21869

0.08182 0.42282

yes no

yes no

T4 (setosa)

petal.length < 2.45?

0.29522 -0.19674

yes no

T5 (versicolor)

sepal.width < 2.95?

petal.length < 4.85? petal.length < 3?

0.27994 -0.11330 -0.18999 -0.02829

yes no

yes no yes no

T6 (virginica)

petal.length < 4.75?

petal.width < 1.7?-0.19776

0.08067 0.30170

yes no

yes no

• w(x, c) =
∑∑∑

j∈{0,...,n−1} TKj+c(x), c ∈ [K]

• τ(x) = argmaxc∈[K]w(x, c)

∀(x ∈ F).
∧∧∧

j∈X(xj = vj)→(τ(x) = c)

(sepal.length = 5.1)∧ (sepal.width = 3.5)∧ (petal.length = 1.4)∧ (petal.width = 0.2)(sepal.length = 5.1)∧ (sepal.width = 3.5)∧ (petal.length = 1.4)∧ (petal.width = 0.2)X = {(petal.length = 1.4)}
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Formal explanations with MaxSAT



Overview of the approach

SMT
• reach logic, can handle linear constraints

• directly reason about:

H∧
(∑∑∑

ι
≥

∑∑∑
i

)
encode BT operation

enforce class cι instead of ci

insane decimal point precision

MaxSAT

maximize
∑∑∑

ι
−

∑∑∑
i

subject to H

• pure propositional logic
• prediction as objective function
• weighted soft clauses keep precision
• core-guided MaxSAT

• incremental MaxSAT calls
• MiniSat-like assumptions interface!
• unsatisfiable core reuse

• novel weight stratification

• early termination

the devil is in the details
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Encoding BT operation

F— set of features ∀j∈F Dj — domain of feature j E— tree ensemble

H =
∧∧∧

j∈FHDj
∧
∧∧∧

Ti∈EHTi

HDj
encodes feature domainDj

• feature threshold values sj,k from E

• variable oj,k = 1 iff xj < sj,k

• variable lj,k = 1 iff xj ∈ [sj,k−1,sj,k)

• order encoding ofDj with lj,k andoj,k

• instance is expressed by lj,k-variables

HTi encodes paths of Ti

• Pi is the set of paths of Ti

• given a Pr ∈ Pi, tr denotes its leaf

• encode each pathPr ∈ Pi:( ∧∧∧
(xj<sj,k)∈Pr

oj,k ∧
∧∧∧

(xj≥sj,k)∈Pr

¬oj,k

)
↔ tr

•
∑∑∑

Pr∈Pi
tr = 1

see paper for details
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“Optimizing” model predictions

∀(x ∈ F).
∧∧∧

j∈X(xj = vj)→(τ(x) = ci)

AXp condition for X

X is not AXp if ∃x∈F,cι ̸=ci . wι(x) ≥ wi(x)
weighted sums

∑∑∑
ι and

∑∑∑
i

hard to reason abouteven to represent in propositional logic!

maximize Si,ι =
∑∑∑

ι
−

∑∑∑
i

subject to H∧
∧∧∧

j∈X
l[[xj = vj]]

X is not AXp if S∗i,ι ⩾ 0

weighted soft clauses + propositional variables only
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multiple calls to a MaxSAT solver
with varying assumptionsX

the need for incremental MaxSAT!
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Incrementality in MaxSAT

FunctionMaxSAT(ϕ,A):
Input: ϕ: Partial CNF formula (ϕ ≜ H∧S)

A: Set of assumption literals
Output: µ: MaxSAT model

1 cost← 0 # initially, cost is 0

2 C← ValidCores(ϕ,A) # get valid unsatisfiable cores

3 foreach κ ∈ C: # iterate over known coresκ

4 cost← cost+ CoreWt(κ) # add its weight to cost

5 ϕ← Process(ϕ,κ) # processκ and updateϕ

6 while SAT(ϕ, A) = false: # iterate untilϕ gets satisfiable

7 κ← GetCore(ϕ) # new unsatisfiable core

8 cost← cost+ CoreWt(κ) # add its weight to cost

9 ϕ← Process(ϕ,κ) # processκ and updateϕ

10 Record(ϕ,A,κ) # recordκ for the future

11 return GetModel(ϕ) #ϕ is now satisfiable

MiniSat-like assumptions interface:

• assumptionsA ≜ {l[[xj = vj]] | j ∈ X}

• can get “unsat core”A∗ = ∪A ′ s.t.A ′ = κ∩A

• similar to modern SAT solvers

unsatisfiable core reuse:

• record each new core κi

• use external SAT solver
• record all the literals core κi depends on
• i.e. use

∧
l∈Di

→ ζi

• start a new call by reusing known cores

• apply unit propagation given S and A

• all reusable cores are “propagated” in the right order

early termination:

• no need to solve the problem to optimality!
• no misclassification if cost >

∑
ι

• misclassification if over-approximation’s objective> 0

assumptions are passed down to SAT solver

LB on the cost is updated at each iteration

can over-approximate objective once current level is solved
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Additional heuristic — distance-based stratification

why?

— many weighted clauses with unique weights

BLO and diversity-based stratification fail to apply!
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Experimental setup

• machine configuration:
• Intel Core i5 2.30GHz with 8GByte RAM

• running macOS Big Sur
• no time or memory limit

• UCI Machine Learning Repository+ Penn Machine Learning Benchmarks
• 21 datasets

• 7–60 features, 26.95 on average
• 59–58000 data instances, 4684.47 on average

• XGBoost models
• depth 3–4
• 50 trees per class

• 200 randomly selected instances to explain
• 3665 individual benchmarks in total
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Experimental setup

• competition tested:
• SMT-based formal explainer

• makes calls to Z3 through PySMT
• same explanation quality

• Anchor heuristic explainer
• sampling-based
• no explanation quality guarantees
• all parameters are set to default values

• prototype1
• MaxSAT-based

• same code base as in the SMT-based variant
• applies incrementally extended RC2
• makes calls to Glucose 3 through PySAT

1https://github.com/alexeyignatiev/xreason/
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Summary and future work

• novel approach to explaining boosted trees
• pure propositional logic

• prediction as objective function
• core-guided MaxSAT

• incremental MaxSAT calls
• MiniSat-like assumptions interface!
• unsatisfiable core reuse

• novel weight stratification
• early termination

• a few orders of magnitude performance improvement

• future work
• contrastive explanations with MaxSAT
• same ideas for other ML models?
• more applications of incremetal MaxSAT?
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