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Propositional logic

- propositions:

- variables: w,x,y,z,a,b,c, ...

- literals: w, %, 4, a, ..., butalso—w,—y, ...

- logical connectives: —, \,\V/, —, <>, ...

Example
A “wigs e »
T = “itisraining
A iy s ”
S = ‘itissunny

A .
h = “time to do hiking”

g = ‘timeto play computer games”

—(s/AT)
s —h
T—g
—(h/Ag)

can't be sunny and raining
ifit’s sunny, do hiking!
ifit’s raining, play games!

don’t do hiking and gaming

[BHYMW09]
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Formulas in conjunctive normal form

- clause:
- disjunction of literals,e.g. (—x \V y \V z)

- CNF formula:

- conjunction of clauses, e.g. (—x V y) A\ (—y V z)

Example
T itis raining” —(s/\T)  cantbesunny and raining
S £ “itis sunny” s —h ifit’ssunny, do hiking!
h £ “time to do hiking” Tr—g ifit’s raining, play games!
g £ “time to play computer games” —(h/\g) dontdohiking andgaming
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Formulas in conjunctive normal form

- clause:
- disjunction of literals,e.g. (—x \V y \V z)

- CNF formula:

- conjunction of clauses, e.g. (—x V y) A\ (—y V z)

Example
T itis raining” —(s/\T)  cantbesunny and raining
S £ “itis sunny” s —h ifit’ssunny, do hiking!
h £ “time to do hiking” Tr—g ifit’s raining, play games!
g £ “time to play computer games” —(h/\g) dontdohiking andgaming

F=(—sV-"1)A(=sVh)A(=rV g)A(—hV —g)
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Satisfying assignments

- model (satisfying assignment) is a mapping 1 from variables to {0, 1}
- models can be extended to literals:

n(x) =T <& p(—x) =0

ux) =0 pu(—x) =1

- safisfiedclause:  p(l; V...V 1) =1 4 p(l) =1
. satisfied CNF: et Ao Aem) =16V, ul(e) =1

Example F=(sV-1)A(=sVh)A(—=rV g)A(—hV —g)
m={r=Ls=1Lh=1,g=1}
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Satisfying assignments

- model (satisfying assignment) is a mapping 1 from variables to {0, 1}
- models can be extended to literals:

n(x) =T <& p(—x) =0

ux) =0 pu(—x) =1

- safisfiedclause:  p(l; V...V 1) =1 4 p(l) =1
. satisfied CNF: et Ao Aem) =16V, ul(e) =1

Example F=(sV-1)A(=sVh)A(—=rV g)A(—hV —g)

wm={r=1s=1h=1g=1 = 1,(F)=0
}.Lzz{T:1,S:O,h:O,9:1}
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- model (satisfying assignment) is a mapping 1 from variables to {0, 1}
- models can be extended to literals:
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Satisfying assignments

- model (satisfying assignment) is a mapping 1 from variables to {0, 1}
- models can be extended to literals:

n(x) =T <& p(—x) =0

ux) =0 pu(—x) =1

- safisfiedclause:  p(l; V...V 1) =1 4 p(l) =1
. satisfied CNF: et Ao Aem) =16V, ul(e) =1

Example F=(sV-1)A(=sVh)A(—=rV g)A(—hV —g)

wm={r=1s=1h=1g=1 = 1,(F)=0
w={r=1,s=0h=0g=1} = wW(F) =1
us ={r=0,s=1,h=19g=0} = u3(F) =1
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given a propositional formula in CNF,

decide whether or notitis satisfiable

Example

Fr = (x1) A\ (—x71 V —xy) —satisfiable,e.g.u = {x; = 1,x, = 0}
T2 = (x1) A (7x1 V. —x2) A\ (x2)
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SAT is the decision problem for propositional logic

given a propositional formula in CNF,

decide whether or notitis satisfiable

Example

Fr = (x1) A\ (—x71 V —xy) —satisfiable,e.g.u = {x; = 1,x, = 0}
Fr = (x1) A\ (—x1 V —x2) /A (x2) —unsatisfiable
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SATis hard



SAT is NPP-complete [Coo71, Kar72]
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VAENP A oc SAT
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SAT is NIP-complete [Coo71, Kar72]

SAT € NP
VAENP A oc SAT

Ve

SAT is atleastas hard as any other problem in NP
so why bother? — NIP-complete = “highly applicable”!

~+ SAT is not hard “on average”

5/38



Grasping the search space. . .

- Number of seconds since the Big Bang: ~ 10'”
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- Number of seconds since the Big Bang: ~ 10'”

- Number of fundamental particles in observable universe: ~ 108°-10%>

- Search space with 15775 propositional variables (worst case):
- number of assignments: > 1047481

- (SAT solvers in late 90s — but formula dependent)

- Search space with 2832875 propositional variables (worst case):

- number of assighments: >>> 1084000011
- (SAT solvers at present— but formula dependent)

6/38
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CDCL SAT disruption

- CDCLSAT solving is a success story of Computer Science
- Conflict-Driven Clause Learning (CDCL) [MSS96b, MSS99, ZMMMO1, MMZ +01]
- CDCL SAT has impacted many different fields
- Hundreds (thousands?) of practical applications
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can single package a be installed in repository R? [DDL*06]

Example
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How to solve it with SAT?

conflicts
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How to solve it with SAT?

SAT formulation:
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How to solve it with SAT?

SAT formulation:

(maVO)A(maV)A(bVIVA)A(—cVdVe A(—fV—=d) Ala)

Ve

u={a=1,b=1c=1,d=1,f=0,e =0}

9/38



SAT in practice
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- preamble: p cnf N M —N and M are numbers of variables and clauses
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DIMACS CNF format

- preamble: p cnf N M —N and M are numbers of variables and clauses
- variable:11(v) € N —unique integerindex per variable
- literal: —v is represented as -1 (V)

- clause: O-terminated list of literals
Example

(—aVb
A(—a Ve
AbVIVd
AN(—cVdVe
A(—fV—-d
N(a

NE NI NSNS
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DIMACS CNF format

- preamble:p cnf N M —N and M are numbers of variables and clauses
- variable:11(v) € N —unique integerindex per variable
- literal: —v is represented as -1 (V)

- clause: O-terminated list of literals

Example
(—a\VVb) £1,-a%2-1
A(—a V) b22,-b2-2
AbV V) c23,—c£-3
A(—cVdVe) d&4,~d = -4
A(—fV —d) e£5-e£-5
Ala) f2£6,~-f2 -6
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- preamble:p cnf N M —N and M are numbers of variables and clauses
- variable:11(v) € N —unique integerindex per variable
- literal: —v is represented as -1 (V)

- clause: O-terminated list of literals

Example
(—a VD) a21,-a2-1 pcnf 66
A(—aVc) b22,-b2-2 A
A(=bV fVad) c23,—c2-3 :; Z 2 o
Al—cV dVe) d24,-d2 -4 3450
A(—fV —d) e£5-e£-5 &t g
Ala) f£6,~f2-6 10
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PySAT —SAT in Python

- $ pip install python-sat
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https://pysathq.github.io/

- $ pip install python-sat
- https://pysathq.github.io/

Example

pysat.formula CNF
pysat.solvers Solver

cnf = CNF(from_clauses=[[-1, 2], [-1, 31, [-2, 6, 41, [-3, 4,
Solver(name='minisat22', bootstrap_with=cnf) solver:

solver.solve() == :
model = solver.get_model()
print('model:', model)

print('unsatisfiable")

[IMM18, ITK24]
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DP and D(P)LL



Resolution

- Resolution rule [DP60, Robés]

- (¢ V B)isaresolvent
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Resolution

- Resolution rule

(V) (BVX)
(V)

- (¢ V B)isaresolvent
- Complete proof system for propositional logic

- L isan empty clause —no way to satisfy!
- Extensively used in modern (CDCL) SAT solvers

[DP60, Robé5]

[BHYMW09]
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DP procedure

- dates back to late 50s: [DP60]

- solely resolution-based
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- dates back to late 50s: [DP60]
- solely resolution-based
- eliminates variables exhaustively
- exponential in space

F=T¢

1ledF:

pick remaining variable x
add all resolvents on x
remove all clauses with x and —x

13/38
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DP Procedure (example)
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(a) ) (a)
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Unit propagation
F = ()AFVIA

wWVaA(KEXVaVvbA
GVzVe)A(bVeVvad)
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w=Ix=1ly=1z=1
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Unit propagation
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Unit propagation

Level

F = )ANFTVsA 0
(WwVa)A(xVaVvbA 1
GVzVe)A(bVeVvad)

2
- Decisions / Variable Branchings: 3

w=1lx=1ly=1z=1
4

Dec. Unit Prop.

0 T ——>S5

W ——-> a

—
D

zZ—>Cc—> d

- Unitclause rule: if clause is unit, its sole literal must be satisfied
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Unit propagation

Level Dec. Unit Prop.

F = (T)/\(?\/S)/\ 0 ] T ———> s
(W\/G)/\(i\/a\/b)/\ 1 w——-—a
(GVzVe)A(bVeVvad) l

2 X —>bDb
- Decisions [ Variable Branchings: 3 y
w=1lx=1ly=1z=1 \
4 Z—>c—> d

- Unitclause rule: if clause is unit, its sole literal must be satisfied

- Additional definitions:
- Antecedent (or reason) of an implied assignment
- (bVvevad)ford
- Associate assignment with decision levels
-w=1@l,x=1@2,y=1@3,z=1@4
cr=1@0,d =1@4, ..
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D(P)LL algorithm —simplistic view

- dates back to1962: [DLL62]

- based on unit propagation + branching + backtracking
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- dates back to1962: [DLL62]
- based on unit propagation + branching + backtracking
- improves the DP procedure
- exponential in time

DPLL(F):
F + UP(F)
F=T¢

1led:

pick remaining variable x and literal 1 e {x, —x]
DPLL(FAL)) = .

DPLL(F A {—1})

16/38



D(P)LLalgorithm

|
v

Unassigned N
variables ?

lv
Satisfiable

Assign value
to variable

1.7

Unit
propagation

!

Conflict ?

lv

N Can undo

decision ?
Unsatisfiable

lv
Backtrack &
flip variable
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| F=xVyAlaVbA@Vb)AaVb)A/(
b
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propagation
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D(P)LLalgorithm

| F=xVy AlaVbA@Vvb)AlaVb)A(@Vvb)
1

Unassigned N

variables ?
Satisfiable

lv
to variable 1 x

Assign value
f— 2 Y

Unit 3 a b n

e \/

Conflict ?

N h
N Can undo
decision ? y

lv
Backtrack &
flip variable

Level  Dec. Unit Prop.

0 0

Unsatisfiable
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D(P)LLalgorithm

| F=xVy AlaVbA@Vvb)AlaVb)A(@Vvb)
1

Unassigned N .
k7 Level  Dec. Unit Prop.

variables ?
Satisfiable 0 0

lv
to variable 1

Assign value
1‘7 2 Y

Unit
propagation

!

Conflict ?

lv
N Can undo
decision ?

lv
Backtrack &
flip variable

Unsatisfiable

17/38



D(P)LLalgorithm

| F=xVy AlaVbA@Vvb)AlaVb)A(@Vvb)
1

Unassigned N

variables ?
Satisfiable

lv
to variable 1 x

Assign value
] 2 y

Unit 3
propagation

| N

Conflict ?

N p

N Can undo
decision ?
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- dates back to late 50s —early 60s:
- 1 version - DP:

- solely resolution-based
- eliminates variables exhaustively
- exponential in space

- 2" yversion—D(P)LL
- based on unit propagation + branching + backtracking
- improves the DP procedure
- exponential in time

- ...D(P)LL gaverise to CDCLin 1995
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- Extend DPLL SAT solver with:
- Clause learning & non-chronological backtracking

-+ Exploit UIPs
- +Opportunistically delete clauses

- Search restarts

- Lazy datastructures
- Watched literals

- Conflict-guided branching

- Lightweight branching heuristics
- Phase saving

- Heuristic clause minimization

[DP60, DLL62]
[MS95, MSS96b, MSS99]

[MS95, MSS99, ZMMMO1, SS512]
[MSS96b, MSS99, GN0O2, AS09]

[GSC97, BMS00, Hua07, Bie08, LOM 18]

[MMZ*01]

[MMZt01]
[PDO7]

[SB09, Gel09, LLX *17]

19/38



Whatis a CDCL?

- Conflict-Driven Clause Learning

- Extend DPLL SAT solver with:
- Clause learning & non-chronological backtracking

-+ Exploit UIPs
- +Opportunistically delete clauses

[DP60, DLL62]
[MS95, MSS96b, MSS99]

[MS95, MSS99, ZMMMO1, SS512]
[MSS96b, MSS99, GN0O2, AS09]

19/38



Clause learning and backjumping



Clause learning

Level Dec. Unit Prop.
0 0
1 X
2 Yy
3 z \ a 1
b /

20/38



Clause learning

Level Dec. Unit Prop.
0 0
1 X
2 Yy
3 Z \ a / )
b
- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]

20/38



Clause learning

Level Dec. Unit Prop.
0 0
1 X
2 Yy
3 ) \i a /:' )
b
- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]
- Reasons: xand z

- Current decision variable & literals assigned at earlier decision levels

20/38



Clause learning

Level Dec. Unit Prop.
0 0
1 X
2 Yy
3 z a 1

- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]

- Reasons:xand z
- Current decision variable & literals assigned at earlier decision levels

- Create new clause: (X \V Z)

20/38



Clause learning

Level Dec. Unit Prop.
0 0 _
(aVb) (zVDb) (xVzVa)
1 X
2 y (aVz)
3 z a 1 xVz)

- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]
- Reasons:xand z

- Current decision variable & literals assigned at earlier decision levels
- Create new clause: (X \V Z)

- Clause learning vs. resolution

20/38



Clause learning

Level Dec. Unit Prop.

b) (zVb)  (xVzVa)

- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]
- Reasons:xand z

- Current decision variable & literals assigned at earlier decision levels
- Create new clause: (X \V Z)

- Clause learning vs. resolution

20/38



Clause learning

Level Dec. Unit Prop.
0 0 _
(aVb) (zVDb) (xVzVa)
o |
2 y (@Vvz)
3 z a 1 xVz)

- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]
- Reasons:xand z

- Current decision variable & literals assigned at earlier decision levels
- Create new clause: (X \V Z)

- Clause learning vs. resolution

20/38



Clause learning

Level Dec. Unit Prop.
0 0 _
(aVb) (zVDb) (xVzVa)
o |
2 y (@Vvz)
3 z a 1 xVz)

- Analyze conflict [MS95, MSS96a, MSS96a, MSS96b, MSS99]
- Reasons:xand z

- Current decision variable & literals assigned at earlier decision levels
- Create new clause: (X \V Z)
- Clause learning vs. resolution

- Learned clauses result from (selected) resolution operations
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Clause learning + backtracking

Level Dec. Unit Prop. Level  Dec. Unit Prop.
0 0 0 0
1 X z 1 X —> Z
2 Y
3 z

- Clause (X \V Z) is asserting at decision level 1

- Learned clauses are asserting [MS95, MSS96b, MSS99]

- Backtracking differs from plain DPLL:
- Non-chronological backtracking - backjumping!
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Level

0
1

Dec.

Unit Prop.

Step VarQueue ExtractVar Antecedent Recordedlits Added toQueue

o - 1 6 0 {f, g}

1 [f, dl f o4 {h} {e}

2 lg, el g & {h} 0

3 le] e ¢ () {c,d}
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Multiple UIPs
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- First UIP:

- Learnclause (W \V y V a)
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- Learnclause (W VXV y\V z)
- Optionally, learn (X VZ VV a)
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Multiple UIPs

Level

0
1

Dec. Unit Prop.
0
w
X
Y
z \: T ){ a ¢
s b—m 1

- Multiple UIPs proposed in GRASP

- First UIP learning proposed in Chaff

- First UIP:

- Learnclause (W \V y V a)

- Butthere can be multiple UIPs!
- Second UIP:

- Learnclause (W VXV y\V z)
- Optionally, learn (X VZ VV a)
- (clause is not asserting)

- In practice smaller clauses more effective

[MS95, MSS99]

[MMZ*01]
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Multiple UIPs

Level  Dec. Unit Prop. . First UIP:
0 0 - Learnclause (W \V y V a)
1 w - But there can be multiple UIPs!
- Second UIP:
2 x - Learnclause (W VXV y\V z)
- Optionally, learn (X VZ VV a)
3 Y - (clause is not asserting)
. . . S . - In practice smaller clauses more effective
NN
- Multiple UIPs proposed in GRASP [MS95, MSS99]
- First UIP learning proposed in Chaff MMZ o1
- Not used in recent state of the art CDCL SAT solvers
- But recent results show it can be beneficial on some instances [55512]
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Example — conflict analysis with UIP(s)

Level Dec. UnitProp.

0 0

1 h

2 b

C4
3 y \!
4 a o c s e “ f i L
N N

Step VarQueue ExtractVar Antecedent RecordedlLits Added toQueue
0 - 1 6 0 {f, g}
1 If, gl f ¢ {h} {e}
2 9, €] g e {(h} 0
3 le] e e (h,e} ]
4 [] - - {H) é} -
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Example (Cont.) —backjumping

Without UIP: With UIP:

Level Dec. UnitProp. Level Dec. UnitProp.
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Branching



Which variable to branch on-static branching

- Static heuristics
- largestindividual sum (LIS) [MS99]

- number of variable occurrences in clauses, i.e.
: L(l) = ZlEc/\cE?1
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- number of variable occurrences in clauses, i.e.

' L(l) = Zlec/\ce?1
- normalized LIS (Jeroslow-Wang) OW90]

S JU) =Y cences 27

- precomputed once
- poor practical performance
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Which variable to branch on-static branching

- Static heuristics
- largestindividual sum (LIS) [MS99]

- number of variable occurrences in clauses, i.e.

' L(l) = ZlEc/\ce?1
- normalized LIS (Jeroslow-Wang) OW90]

S JU) =Y cences 27

- precomputed once
- poor practical performance

Example F=x)N(xVyVz)A(myVzVw)A(yV-zVw)
L(x) =2,L(y) =3,L(z) = 3,L(w) =2
Jx)=3,Ty) = 3,J(z) = 3,J(w) = 2
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Which variable to branch on—dynamic branching

- Dynamic heuristics
- DynamicLIS

- Calculate for remaining unsatisfied clauses
- Expensive to do

[MS99]
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Which variable to branch on—dynamic branching

- Dynamic heuristics

- DynamicLIS [MS99]

- Calculate for remaining unsatisfied clauses
- Expensive to do

- Variable state independent Decaying Sum (VSIDS) MMZ+01]

- Initially weights of all variables are set to 0
- Weights of active variables are incremented for each conflict
- All weights are divided by a constant periodically

- Focus on variables that were active in recent conflicts
- Can be interpreted as reinforcement learning
- There are variants

- Recent promising ML-based branching [LGPC16a, LGPCl6b]
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Lazy data structures



How to implement unit propagation?
- Recap states of a clause: unresolved, unit, falsified, satisfied

- Each literal 1 should access clauses containing L and —1
- Why?
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How to implement unit propagation?

- Recap states of a clause: unresolved, unit, falsified, satisfied

- Each literal 1 should access clauses containing L and —1

- Why? Unit propagation!

- Clause with k literals results in k references, from literals to the clause
- Number of clause references equals total number of literals
- Clause learning can generate large clauses
- Worst-case size: O (1)
- Worst-case number of literals: O(mmn)
- In practice,

Unit propagation slow-down worse than linear as clauses are learned !

- More efficient representation is needed: watched literals IMMZ *01]
- Watched literals are one example of lazy data structures

- Butthere are others, e.g. head-tail literals [ZS00]
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Watched literals

@2

@0

@2

@2

@0

@2

@3

@1

Watch 2 unassigned literals in each clause
At DLevel 2: clause is unresolved

At DLevel 3: watch updated
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Watched literals

@2 | @ @2 @1
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! !
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o R
@ |e2|e0| ‘|e2|es|e|e

Watch 2 unassigned literals in each clause
At DLevel 2: clause is unresolved

At DLevel 3: watch updated

At DLevel 4: watch updated

At Dlevel 5: clause is unit
Literal D assigned value 1; clause becomes satisfied
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Watched literals

@2

@0

@2

| @2'| @0 @2 |@3| 0| e
@5 | @2 | @ @2 |@3| 04| e
A F G H
@0 @

Watch 2 unassigned literals in each clause
At DLevel 2: clause is unresolved

At DLevel 3: watch updated

At DLevel 4: watch updated

At Dlevel 5: clause is unit
Literal D assigned value 1; clause becomes satisfied

After backtracking to DLevel 1
Watched literals untouched
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Watched literals — different implementations exist!

@2 | @0 @2 @

| I
A @23 @OC @2 @3F G @1H
o [
| @2'| @0 @2 |@3| 0| e
. oo
@5 | @2 | @ @2 |@3| 04| e

|

A F G H
@0 @1

Watch 2 unassigned literals in each clause
At DLevel 2: clause is unresolved

At DLevel 3: watch updated

At DLevel 4: watch updated

At DLevel 5: clause is unit
Literal D assigned value 1; clause becomes satisfied

After backtracking to DLevel 1
Watched literals untouched
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